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Surface Impedance Boundary Conditions Near
Corners and Edges: Rigorous Consideration
Sergey Yuferev, Leonid Proekt, and Nathan Ida, Senior Member, IEEE

Abstract—The two-dimensional problem of the magnetic
field distribution inside and outside an imperfectly conducting,
90-degree edge is solved using the perturbation technique. The
well-known solution of the problem for a perfectly conducting
edge is used as an initial approximation. The surface impedance
near the edge is represented in the form of asymptotic expansions
in the small parameter proportional to the ratio of the skin depth
and characteristic size of the conductor surface. An analytical
solution for the electric field in the conductor near the edge is obtained. The solution behavior is investigated and the approximate
boundary conditions relating the tangential components of the
electric and magnetic fields on the conductor surface near the edge
are proposed in a form suitable for numerical implementation.
Index Terms—Approximate boundary conditions, asymptotic
expansions, edges, perturbation techniques, surface impedance.

Fig. 1.

Geometry of the problem.

where
I. INTRODUCTION

is a known coefficient,
are polar coordinates (see Fig. 1), and
for a 90 edge.
It is natural to suppose that discontinuities also occur near an
imperfectly conducting wedge. Then the assumption in (1) is
not correct because the singularity is ignored.
In the present paper we apply the approach previously used
to obtain the SIBC’s of high order of approximation, namely:
perturbation technique in the small parameter equal to the ratio
of the skin depth and characteristic size of the conducting
domain. The solution of the problem for the perfect conductor
is the zero-order approximation. In the first approximation, the
distribution of the magnetic field along the perfectly conducting
edge is used as a boundary condition for the field diffusion
problem inside the conductor. Thus the solution of this problem
gives the correction to the zero-order approximation by taking
into account the finite conductivity of the body. In other words,
we seek generalization of the solution for the perfectly conducting edge.
and

T

HE SURFACE impedance concept has been originally
developed under the assumption that the electromagnetic
field distribution in the conductor may be described by a 1-D
equation in the direction normal to the conductor’s surface.
Clearly, this approximation is valid only for smooth objects. To
modify the surface impedance boundary condition (SIBC) near
a 90 conducting wedge, infinitely long in -direction (2-D
problem), Deeley [1] postulated that the transverse magnetic
field can be described in terms of the superposition of two
modes:

(1)
and
are assumed to be constant. Jingguo and
where
Lavers [2] generalized Deeley’s approach for an arbitrary
angle corner. However, rigorous consideration of this problem
requires the field equations being solved in both the conducting
and nonconducting regions near the corner. It is well-known
that in the classical limiting case of a perfect conductor, the
distribution of the magnetic field along the surface of the edge
is singular and can be described by the following function
[3]–[6]:
(2)
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II. STATEMENT OF THE PROBLEM
We consider an eddy current problem of a rectangular conductor in the external electric field directed along the -axis so
that the magnetic field has only - and -components (Fig. 1).
Assume that the dimension of the conductor remains small
compared to the wavelength . In this case the distributions of
the electric and magnetic fields in the conducting and nonconducting regions can be described by the Maxwell equations in
the following form:

Conductor
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(3a)
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Dielectric

We seek the magnetic and electric fields in the conducting
region in the form of a power series in the small parameter :
(3b)

Boundary conditions

(3c)
Let the parameters of the incident field be such that the electromagnetic penetration depth remains small compared to the
characteristic dimension of the conductor:

(10)
(recall that
) the terms in (10) beginning
Since
. Thus the first terms
from the second term vanish when
and
in (10) describe the field distribution in the perfect
electrical conductor limit whereas the others take into account
the field diffusion into the conductor.
Substituting the expansions (10) into (7) and (9) and equating
the coefficients of equal powers of , we obtain the following
equations for the coefficients in (10):

(4)
:
We eek the surface impedance in the region near an edge i.e.,
we wish to calculate the following functions:

(11a)
(11b)

for
(5)
where

:

is the distance from the edge.

(12a)

III. PERTURBATION TECHNIQUE
Following the theory of perturbation methods, we now
rewrite the problem in terms of dimensionless variables by
choosing appropriate scale factors. Let and be scale factors
for the current and the polar coordinate (and both Cartesian
coordinates and ) respectively.
and
for the magnetic and electric
Then scale factors
fields, respectively, are introduced as follows [7], [8]:
(6)
With the nondimensional variables, (3a) take the form:

(7)

where
and the parameter is small since it is proportional to the ratio of the skin depth and characteristic size of
the conductor. “ ” denotes nondimensional variables. Substituting the scale factors into (2) yields:
(8)
Introducing the following scale factor for

(12b)
Equation (11a) indicates that the electric field is zero everywhere inside the perfect conductor including the surface. Therefore, the expansions in (10) have the same physical meaning as
in the classical surface impedance theory for smooth surfaces
in the power
in spite of the fact that in the latter case
using (12a), we have to know the normal
series. To obtain
,
along the conductor’s
derivatives of the functions
surface. For this purpose the following boundary value problem
should be considered.
IV. ELECTRIC AND MAGNETIC FIELDS IN THE CONDUCTOR
NEAR THE CORNER
Distribution of the magnetic field inside a conductor can be
described using the following diffusion equations:
(13)
denotes the Laplace operator. By rewriting (13) in
where
terms of nondimensional variables introduced in the previous
section and substituting the expansions (10), the following equations are obtained:
(14a)

,

(14b)
The problems in (14) can be supplied by the following boundary
conditions based on (11b):

we represent (2) in the form:
(9)
As a result of transfer to nondimensional variables, the small
parameter appears in the governing equations. The sign “ ”
will be omitted in subsequent expressions.

(15a)
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as the radius of arc
tends to zero. The problem (16) has
been solved using the Green function technique and the solution
can be represented in the form:
(17)

Fig. 2.

Boundary value problem (16).

where is the Fourier transform of the function
;
and
are the -order modified Bessel and Hankel functions, revanishes when
and
spectively. It can be shown that
(17) takes the form:

Fig. 3. Diffraction of the plane wave by conducting edge.

(15b)
In (15) we used the fact that the normal magnetic field vanishes
on the surface of a perfect conductor. Note that formulations
(14), (15) can give only an approximate solution of the problem
of the magnetic field diffusion inside the real conductor near the
edge because the boundary conditions for the ideal conductor
have been neglected,
are used. It means that terms containing
as
but it is a suitable approximation for the calculation of
follows from (11), (12).
Formulation (14a), (15a) is analogous to (14b), (15b), so we
.
can restrict ourselves to consideration of the problem for
be any integrable function. Then it can be proven [9]
Let
that the solution of (14a), (15a) can be found as a limit of the
solution of the following boundary value problem in the domain
(Fig. 2):

(18)
Problem (14b), (15b) has been solved in the same way and the
result can be written in the form:

(19)
Asymptotic analysis of (18), (19) yields distributions of the
and
in the conductor near the corner:
functions

(20a)

(16)

(20b)
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Thus in this case the coefficient

takes the form

The distribution of the magnetic field intensity in the conducting
and dielectric regions near the edge was calculated using (19),
(21) and is shown in Fig. 4(a) and (b).
(a)

V. CALCULATION OF THE SURFACE IMPEDANCE
By switching in (5) to nondimensional variables and substituting series (10), the following representation of the surface
impedance is obtained:

(23)
Substitution of (20), (21) into (23) leads to the following
expressions:
(24)
(b)

Returning in (24) to dimensional variables, we finally obtain:
(25)

Fig. 4. (a) The magnetic field intensity near the corner. (b) The magnetic field
intensity near the corner.

Substituting (20) into (12a), the electric field is obtained:

(21)
To illustrate the theory, consider the problem of diffraction of
a plane wave by an imperfectly conducting edge as shown in
Fig. 2. The solution of the problem for the perfect conductor is
known [3] and can be represented in the form:

(22a)

(22b)
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