ELECTROMAGNETICS 11
March 16, 2007
Exam 2

Answer thefollowing four questions Write clearly, condsely and legibly. Youmay use
any material, induding your notes, book, etc. but you cannotborrow material duringthe
exam. You are encouraged to make reasonable assumptionsbut you mug state them
clearly.

1. An FM modulated signd propagaes in a medium with propeties Lo, /o, ” = 102 S/m.
Thefrequency of thesignd is fo = 1 MHz and themodulating signd is 1 kHz. Thisresults
in acomposte signd which variesfromalow frequency of 999kHz to 1001kHz.
Calculate the phase difference between the two extreme frequendes after thethesignd
propagaed adistance d = 1 km.

Solution: There are two ways of evaluaing this problem. Oneisto calculate the group
velodties. Thesimpler methodisto calculate the phase condants at thetwo extreme
frequendes and fromthat to calculate the phase difference. First we need to decideif this
isalow or highloss medium:

o = . 0.01 5 =179.75>> 1
WE  27%x10°x8.854x10°

This may beconddered a high loss medium.
Thephase condant for a highloss mediumis:

B =\ afuoo = y mxfxdax1077x0.01 = 6.32467x1072VF {@}

At thelowest frequency:

11 = 6.3246"107°1999,000 = 0.19859 {%}
At the highest frequency:
fn=632467x1075Y1,001.000 =0.19879 ||
Thechangein phaseis:
A¢ = (B - i)l = (0.19879 - 0.19859)x1000 = 0.2 [ rad |

or about11.5Y

2. A planewave propagaesin free space and impinges on a goodcondudor at
perpendicular inddence. Theamplitudeof themagneic field intendty of the planewave



is0.1 A/m. Calculate how degp the wave propagaes in the condudor before its peak
power densty (nottime averaged!!) is reduced to 1 uW/m?. The propaties of the
condudor are: i, /o, " = 10’ SY/m. Assume the condudor is a high loss medium and the
frequency of propagaionis 1 MHz.

Solution: First we calculate the electric field intensity and then thetranamission
coefficient. Then we calculate thetrangmitted field and the Poynting vector. Since we are
only interested in the peak value the phase dueto trangmission or propagaionis na
important.

Thedectric field intengty is:

E=mnoH =377x0.1 =377 {1}
m

Theintrindc impedance of thecondudor is:

nc=\/ jw.uo _ \/jw,uo _ 1+, [om _1+] 2n'x106x4ifr><10_7 — (1 +])6.28x10° Q]
o+ jwe o} V2 o V2 10

Thetrangmission codficientis:

_2l. _ 2(1+jpadn 0™ $(1+j)2"6.28"10#4 (
Petlo (14 jp4a4m10™ + 377 377

= (1 +)3.33" 10"

Now we can calculate the el ectric field intendty trangmitted across theinterface. This
will becalled Ex:

E»= ET=37.7(1+ j)3.33x10°° = (1 + /)1.255x10°* {%}

Theingantaneouspower dendty (nottime averaged) is.

2 : _ap
Py = Bty = B2 = (1. +)1.255x107) (1 4 j251x10°7 {ﬂ}

m o (1+,)6.28x107*

Now, theamplitudeof this power dendty is

Ppeak = 2.51x1072 = 3.55x10™ {ﬂzJ
m

To calculate the power dengty asit attenuates, we need the attenudion condant. For a
high loss medium:

1=V fu# =1"$10°$4"$107$107 = 6,283 Pjnip}

Assuming thewave propagates a distance x before its power dendty is attenuaed to 1
HW/m?, we write:



P(x)=P(0)e ™ — 1076 = 355105 -2x6283x

or:
-6
-2x6283xlne = ln(LS) — -2x6283x = -3.57
3.55%10°
This gives:
x =0.000284 [m]
or: 0.284mm.

3. A planewave propagaesin free space and impinges on a conduding surface at a 45%
angle. Theelectric field intengty has three componentsin space: E, = #10V/m, E, = 10
V/mand E. = 10 V/m. Assume the surface of the condudor coinddes with thex-y plane
Calculate thetime averaged power dendty (power per unit area) in thewave (magnitude
and direction).

Hint: use supapostion of plane waves.

Solution: Theconfigurationis shown in Figure A. This can be seen as a supapostion of
aperpendicularly polarized plane wave, with electric field in the postive y direction and
apaale polarized wave with electric field components in the postive z and negdive x
directions These two waves are shown, togehe with the magndic fieldsin Figures B
and C. Note tha in these figures | have taken into accountthefact thethereflection
coefficient at the surface of a condudor is negaive and therefore the tangential
component of thereflected electric field intensty mug flip.

We start with the perpendicularly pdarized wave in Figure B. The electric and magndic
field intengties are asfollows:

_ O —jBlxsind5° + zcos45°) o —jBlxsind5° - zcos45°) _ " —jBlxsind5° + zcos45°) —jBlxsind5° - zcos45°)
E.=yl0e - y10e =yl10e -e

- _ gl\lo(ejﬁzcos45° _ e—jﬁzcos45°)e—jﬁxsin45° - _ )//\jzosin(ﬁzcos450)e—j[ixsin45°
Note: the secondterm isthereflected field in Figure B. Themagndic field is:

H, = (_ Q 10 c0345ie-J/3(xsin4Si + 200345) E&SiMSie_j/“XSi”“Si + zcos45i)) +
377 377

(_ fﬂcosﬁje‘jﬂ‘“i”“i - zcosA5i) _ /Z\&Simsie—j/}(xsin%i - zcosASi))
377

377
- _ Q&msélsi(e—jﬁ(xsimsi + 208450) e—jﬁ(xsin45i - zcosASj)) + 2&9 n45i(e—jﬁ(xsin451 + 2C0845() _ e—jﬂxsin45i - zcos45i))
377 377

=- ?%:032707 545 cos{ fzcosa S Jer IS Ej%si n45; sin(fzcosts )1

We can now calculate thetime averaged power dendty for the perpendicularly polarized
pat of thewave:



1 ‘ELXHL\

Nl
f (— 37]'20sin(/3’zcos45°)e’jﬁXSi”ASQ)x(— ;(\@cos45°cos(/3’zcos45°)e+j/3"5i"45° + Ejﬁsin45°sin([3’zcos45°)e+f/3‘5i”45°)\
R e\ 377 377
2
=x2005;, 2(ﬂzcos45°) = fO.SSsinz(ﬁzcos45°) {ﬂ}
377 m?

Note tha real power propagaes alongthe condudor in the postive x direction as
expected.

Now we repesat the process for the parallel polarized wave usng Figure C. Thefieldsare:

E| = (_ ;(\106 -jPlxsind5i + zcos45i) 4 gloe—jﬁ(xsin45i + zcos45i)) +
(+ ;(\106 —jBlxsind5i — zcos45;) + Eloe—jﬁ(min45i - zcos45i))
= ;lqe—jﬂ(xsin45i - zco0s45j) _ e—jﬂ(xsin45i + zc()s45[)) + ;lqe—jﬂ(xsin45i + zcos45j) + e—jﬁ(x.vin45i - zcosASi))

= X j20sin( Bzcos45i Je P51 + 220cos( zcos4Bi JeIPindSi

H = i,\v 102 + 102 1j"(xsind5° + zcos45°) 1 S,\V 102 + 102 1j"(xsind5° ! zcos45°)

377 377
=1 y 200 (e!j"(xsin45° + zc0s45°) + g!j"(xsin45° ! zcos45°))
377
=1 yV3200 e/'"zcos45° + e!j"zcos45°)e!j”xsin45° =1 ;2\/32()0 OS( nzcos450)e!j”xsin45°
71 71

Thepower dendty in thepaallel polarized waveis:

P:w = Re{EI!ZiHi}

/(QJZOSM( uzcos45o)e#j”xsin45“ + 220605( "zcos45°)e#j"m'"450)! (# 92\/327070 OS( rlzcos450)e+j"xsin45°)\

Re\ 5 /

= QZO—C”B)Z;);JOS A "zcos45°) = )/(\0.756052( "zcos45°) {ﬂ}

Thetotal time averaged power dendty isthe sum of thetwo power densties:

Pu=Pu+Py= A[O.SSSI'}’ZZ(/J)ZC()S%O) + 0.756052(/5200545")] {ﬂz}
m
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Figure C: Thepaalléel polarized wave

4. An electric field isgiven as follows:



E(z) = XEo(cosB)e P + yjEo(sinfz)e P

where $isthe phase congant of the wave. Definethetype of polarization of thewave as
well asits sense of rotation.

Solution:
First, wewrite theelectric field in thetime domain:

E(z,t) = QEo(cosﬁz)cos(wt - /J’z) + )7Eo(sin/3’z)cos(a)t + Pz + J'L’/2)

Second, we need to decide on afixed valuefor z. It is easier to choos a condant value
for $. Usudly the choice does not matter but here, because the amplitudeis postion
dependent we mug choos a general value, say, " /6. Note tha valueslike 0 or " /2 would
automatically eliminate onecomponent which implies linear polarization. Vaueslike ™
/4 make the amplitudes of thetwo terms equd, implying circular polarization. Therefore
we need to choo% a value other than these. With thisvalue, we have:

E(z,t) = on(cos(Jr/6))cos(wl - J'L'/6) + yEo(sin(n/6))cos(wt + /6 + ﬂ'/Z)
Now we look at how this changes with time. Choosng, arbitrarily, % = 0 and #t = &2
we get:
For %4 = 0:

E(z.! 1 =0) = XEo(cos("/6))cos( # "16) + yEo(sin("/6))cos("16 + "/2) = X0.75Eo # y0.25E,

For %4 = 0:
E(zwt =/2) = xEq(cog(71/6))cos( /2 — 71/6) + yEo(sin(a/6))cos(w/2 + /6 + 7/2) = X0.433Ey - y0.433E

Thefigure bdow shows a sketch of these:

Therefore, thisis aleft elipticaly polarized wave.
y
A
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Note: at $z = &4 we would have gotten aleft circularly polarized wave which is a specia
case of elliptical polarizationand at 0 or &/2 alinearly polarized wave (also a specia
case of elliptical polarization). The polarization of this wave changes as it propagaes.
Since these are special cases or eliptical polarizationit is correct to classify thisas
eliptically polarized.



