304-351A, Electromagnetic Fields
Final Exam
December 14, 2001
Solution

1. €9.8. In chapter 9.problems.extra. Two loops, made of thin wire carry equal and
opposite currents as shown in the figure below. The radius of each loop is a and the
distance between the loopsis 2a. The loops are in free space and placed parallel to
each other, so that they are both perpendicular to the axis A-C as shown (that is, like
two wheels on an axle). Calculate:

a. The magnetic flux density at point A (midway between the two loops).

b. The magnetic flux density at point B (at the center of loop No. 2).

c. The magnetic flux density at point C if d>>a.

Note: In al three cases give both direction and magnitude of the magnetic flux
density.
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Solution: Calculate the magnetic flux density on the axis, due to aloop. Thiswas
calculated in example 8.3. The solution at any point on the axisis then the
superposition of the fields of the two loops. The latter is given as:

2 la2
|H| = & ® |B| - nhy

The solution is written here as magnitudes because the magnetic flux density depends
on the direction of the current. We will use the right hand rule to identify these
directions.

a. B=0. Theloops are identical and at equal distance from A. The magnetic flux
densities they produce at A cancel each other.

b. Loop (1), produces a magnetic flux density pointing to the right (thisis taken as
positive). With h=2a:
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Loop (2) produces a magnetic flux density pointing to the left (negative). With h=0:
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Thetotal field at B is now:

nmyla2 myla2 ol 1 1 my|

Bi=Ba- Bg= - = - 4= 0455

tTPAT B Aa2 + 40232 Ya2)¥2 2 \105 2 a
myla? mpla? mpl

2(8.2 + 4a2)3/2 2(a2)3/2

The magnetic flux density points to the left.

c. At large distances the magnetic field intensities of the two loops is approximately

the same and in opposite directions. Thus,[ Bc =0 |.

2. €7.10. In chapter 7.problems.extra. A resistor is made in the form of a conducting
circular washer with inner radius equal to a and outer radius equal to b. The thickness
of the washer is equal to d. If the conductivity of the conductor is s, calculate the total
resistance of the washer:

a. If the source V is connected between the inner and outer surfaces (as shownin (a)).
b. If the source is connected between the two flat surfaces asin (b).
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3. e8.4. in chapter8.problems.extra). A cylindrical conductor of radiusa=10mm s

made of copper with conductivity s=5" 107 S/m. The conductor is used for one
conductor of a power linethat is d=1000 kmlong. Because of the current in the
conductor, a potential drop of V=50V exists across the conductor (see Figure).
Calculate the magnetic field intensity everywhere in space, including in the interior of
the conductor. Sketch the magnetic field intensity.
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Solution: To find the magnetic field intensity we must first calculate the current in the
conductor and to do so we must have the resistance.

The resistance of a cylindrical conductor of length d and radius ais:

R=—9_[w
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The current in the conductor is now:
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Now we distinguish two regions. Oneisr>a, the second isO<r£a.

For O<r£a, we use Ampere's law by drawing a contour of radiusr<a. This contour
encloses an area pr2 while the current is uniform in an area pa2. Thus, the total
current enclosed by the contour is:
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The length of the contour is 2pr and we can write:
—|. =Vspr2 — Vsr. A
2prH =1, = VSBrs ® H=Vs! {m}
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For r>a, all current is enclosed by athe contour and we can write:
- = Vspa? - Vsa2 A
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or.

H(r>a) =
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At r=0, the magnetic field intensity is zero. At r=a it isequal to 14.25 A/m. Between
zero and athe magnetic field intensity grows linearly. After that it diminishes as 1/r.
The plot of the field with distance from the center of the conductor is shown in the
figure below.
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€10.4. In chapter 10.problems.extra. A very long sheet of metal of width d is placed
in auniform, perpendicular magnetic field as shown. A voltmeter is connected to the
two opposite sides with stiff wires as shown. Suppose the contacts of the voltmeter
can slide on the sheet.

What is the emf read by the voltmeter if:



a. The voltmeter together with the connecting wiresis moved at a velocity vy in the x
direction.

b. If the sheet is moved in the y direction at a velocity vy and the voltmeter is sliding
in the x direction at avelocity (while still keeping the contacts, that is, it isalso
diding in they direction with the plate) vy.

c. If the sheet ismoved at avelocity vy in the x direction and the voltmeter is
stationary with respect to the sheet.

Y

a. Theemf is; emf = Bdvy
The bar movesin amagnetic field.

b. Motion in the y direction produces no emf on the bar, but the motion in the x
direction does:

emf = Bdvy

c. emf=0. The bar and conductor form aloop. A loop moving in a constant magnetic
field produces zero emf. Another way to look at it is that the loop formed by the bar is
parallel to the flux density. Thus, zero flux passes through the loop. Note: thereisa
potential difference between the two edges of the stiff wire but the voltmeter is now
connected in aloop and the total voltage it measuresis zero.

€10.40. (in chapter 10.exams.extra). A transformer is made as shown. The thickness
of the transformer isd and the cross-sectiona area of the transformer is the same
everywhere and equal to S. The permeability of the coreislarge but not infinite. Two
coils each having N turns are wound; coil (1) iswound on the left "leg" of the
transformer; coil (2) iswound on the central leg of the transformer. A current
l1=Asinwt passes through coil (1), calculate the ratio between the induced voltage
(emf) in coil (2) and coil (1).
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Figure A
Note: the thickness (into the page) of the transformer coreis given asd.

Solution: First, we draw the equivalent magnetic circuit as follows:
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Figure B
The emfsin the two coils are, by definition:

emif =NF1 Jemij =NF2

dt dt

Thus, we need to calculate the fluxes F 1 and F 2. From the equivalent circuit we
write:

Fo= N fe N (RARY)

Rj_'i( R2||R3), Rl“( R2”R3) R2

where Ry||R3 meansthat R2 and R3 are parallel to each other. Now, we can calculate
the emfs:
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Now we calcul ate the reluctances (average paths are shown in Figure A.

R1:R3:w, RZ:b'C
mcd mecd
Thus:
at+b- 2c
em, - Rz _ med —a+b- 2
enfi R+R; atb-2c,b-c a+2b- 3c
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emf _ a+b- 2c
emfy a+2b- 3c

Y ou could have argued as follows: The flux F 1 splitsinto 2 equal parts, only one of
these parts (half the flux) linking with coil (2). Thus the mutual inductance between
the two coilsis half of what it would be if al flux linked. Thus, the emf in cail (2)
must be half of what it would beif al flux links. Since the number of turnsisthe
same in both coils, the emf in coil (2) must be half the emf in coil ().

€9.4. (in chapter 9.exams.extra). Two very thin conducting sheets are w=100mm
wide and are separated a distance d=1mm apart. A current [=20A passes through the
sheets, uniformly distributed on the width of the sheets. Assume w>>d and calcul ate:
a. The inductance per unit length of the system of two sheets.

b. The force per unit length acting on the sheets. Indicate the direction of the force on
each of the sheets.

/

D

C.

a. Calculate B: since w>>d, the whole assembly islike parallel plates. From the loop
above (Figure B):

Bw = mpl ® B=——- T



To calculate inductance we need the flux per unit length of the assembly (see Figure
O):

e, _Mpld
F=B'1d=—~ [wb

The flux linkage equals the flux (one turn only) thus,

_F _Mmd_4p 107 103 _ 8 H
lu=f =Ny =" oy =120° Q
Ly =" 12856108 [H
n="w ~~ m

b. Force. The energy in the gap between the two conductorsis:

- B2 J
b {mfﬂ}

If the gap is changed by a distance dl, the change in energy in the gap and force on the
conductors are:

dW =wydv=w, w 1" dl ®
_dwW _ B2y _ M2 _4p 107 400 _ N
P == = = 2o1 SO0 n
_ml® _ N
R =", =00025 N

The two plates tend to separate (you can see that from the right hand rule since
df=J" B and this must be perpendicular to both current and flux density)

e7.28 I n chapter 7.problems.extra. A capacitor is made of two parallel plates of area
A separated by adistance d. A battery is connected holding the lower plate at ground
potential and the upper plate at potential V. Filling the space between the plates are
two lossy dielectric slabs each of thickness d/2. The permittivities and conductivities
of the dielectricsare given by e1, e, s1, and s».

Neglecting any edge effects, the potential distribution between the plates may be
found from Laplace’ s equation with the appropriate boundary conditions as
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a. Find the électric field intensity in each dielectric region.
b. Find the current | and the power P supplied by the battery.

, di2<yd

Solution: Calculate the electric field intensity as the negative gradient of the
potential:
a

€8.79 In chapter 8.problems.extra 8. Two concentric, very thin spherical-shell
conductors have radii a and b, a <b. The space between the shellsisfilled with a
dielectric medium with perrnittivity e. A battery is connected so that the outer shell is
held at potential V(b)=Vp, and the inner one at V(a)=0.

a. Find the potential and the electric field intensity at all points between the shells.

b. Find the total charge on each shell.

Solution:
a. Start with Laplace's Eq. in Cylindrical coordinates (field can only vary with r so we
can write:
Ty ﬂV) =0
R2 1 IR
Integrating once:
1\ v_c
2 IV _ w_G
ROgr™= TR R2
Integrating again,
__ G
V= R + G

The potential is zero at R=a:



0=- S+ c,
The potential isVp at R=h:

Vp=- %1 + C
Substituting:
= - & g: u
o= gt a C]( ab )
Thus:
_ abVy _ bVy
C1 b-a’ C2 b- a

and the general solution is:

The electric field intensity is:
ER=- NVR) =- RV (1)

b- a RZ
Thus:
__p abV \Y
E(R=- R Vb v
(b- a)R2 {m}

b. From Gauss' law:
_ 4pa2eabVy, _ 4peabVy
b-a@az (-3

Q4 =4paZeE(a) C]

_ 4pbZeab\h, _  4peabVy, _
(b- a)b? (b- a)

Qo = - 4pbZeE(b) = - Qa [C]

But, because the chargeis negative on the inner shell (since the electric field intensity
points in the negative R direction), we have:
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